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The acoustic radiation force, as seen in apparati such as acoustic levitators, con-
tinues to find applications in materials science, manufacturing, and medical fields.
One example of the utilization of an acoustic levitator is measuring the progress of
clotting blood droplets. One of the largest advantages of using acoustic levitation
is that the process is a minimal contact method. In some biological and chemical
processes, surface contact can corrupt measurements, and acoustic levitation avoids
these issues by using the acoustic radiation force to contain and manipulate the blood
drop. The deformation of Newtonian liquid droplets via acoustic levitation has been
well studied. In that case, the shape of the droplet is governed by the surface tension
and shape curvature (Young-Laplace equilibrium). The quasi-static deformation of
elastic droplets in acoustic levitators, however, has not yet been investigated. In this
thesis, we explore the application of acoustic levitation to the characterization of the
deformation of soft elastic droplets.
This thesis consists of three main efforts. To start, the history of the acoustic
radiation force and its applications are discussed. Next, a generalized theory for
the acoustic radiation pressure acting on droplets of sizes similar to the acoustic
wavelength is presented. We model the droplet as an incompressible, isotropic, linear
elastic solid undergoing small deformations, under the conditions that the deformation
is axisymmetric, with a purely radial traction condition, where the traction condition
v
is derived from the acoustic radiation pressure. The quasi-static displacement and
stress within the droplet is then solved for utilizing two potentials developed by
Love (1926). We conclude by testing the validity of the theory by measuring the
deformation and location of soft alginate gel spheres with known material properties
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1.1 History of the Acoustic Radiation Force
Over the course of the last century, the acoustic radiation force has been a focus
of research with applications in a variety of fields. The radiation force itself is a
phenomena resulting from the interaction of an acoustic wave with an object placed
within the acoustic field. The acoustic radiation force has found utility in fields vary-
ing from acoustofluidics, where the radiation force can be used for cell manipulation
and separation via acoustophoresis [27], to bubble dynamics [25] and even tissue en-
gineering [12]. The primary application of the acoustic radiation force which will
be focused on in this thesis is acoustic levitation, where the acoustic radiation force
opposes the weight of the object in the acoustic field, thus levitating the object.
One of the first treatments of the acoustic radiation force was introduced by Louis
V. King [22] who expanded on Lord Rayleigh′s work introducing the concept of the
acoustic radiation pressure [28]. King studied the radiation force acting on incom-
pressible, rigid particles, whose radius is much smaller than the wavelength of the
acoustic wave (a << λac), in the inviscid limit. The radiation pressure formulation
was then extended by Brillouin, who pointed out that what is colloquially called the
radiation pressure is not a pressure at all, but a stress tensor [11]. Hasegawa and
Yosioka [17] extended King′s work to incorporate elastic particles and droplets. Em-
ploying certain assumptions, Gorkov [16] simplified the expression used to calculate
the radiation force on an elastic solid or droplet in an inviscid fluid by relating the
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radiation force directly to two factors, a monopole and dipole term, relating the densi-
ties and compressibilities, respectively, of the acoustic media and the particle/droplet.
Apfel [2] later combined these two factors into one variable, which he called the “com-
pressadensity”. Barmatz & Collas [10] later applied Gorkov′s simplification to define
radiation force potentials in rectangular, cylindrical and spherical domains.
It is worth noting that all the previous studies aforementioned have assumed the
acoustic media to be inviscid, thus neglecting any viscous effects near the boundary of
the particle/droplet. However, when taking viscosity into account, a viscous acoustic
boundary layer forms, with a depth we shall label δ. When the size of the droplet
approaches this limit i.e when a ∼ δ << λ, the viscous effects can no longer be
neglected. Doinikov [13–15] was the first to study these thermoviscous and viscous
effects when a << δ, and in the process introducing the thermal acoustic boundary
layer, which has thickness δt. The region where a ∼ δ was first studied by Bruus
et al. [20, 32], ignoring thermal boundary layers, who concluded that if the thermal
boundary layer and acoustic boundary layer are much smaller than the size of the
particle/droplet (δ, δt << a), then viscous and thermoviscous effects can be neglected.
1.2 History of Drop Deformation Theory and Application in
Acoustic Fields
The study and calculations of drop shapes date back to the works of Rayleigh [29]
when he studied the capillary effects of droplets in jets, resulting in a linearized solu-
tion to the drop shapes (in the inviscid regime) of a droplet about its spherical base
shape, and the dispersion relationship for jet breakup in the inviscid regime. Since
then, many studies have been conducted into both the steady state and oscillatory
shapes of liquid droplets and bubbles. More recently, elastic and viscoelastic drops
have joined the mix in the study of shape deformations, with acoustic levitation being
3
a primary method for the experimental methodology [7, 19].
1.2.1 Dynamic Oscillation
As Rayleigh only studied the oscillations of inviscid droplets, further improve-
ments were made by Lamb (1959 §§275, 355) who incorporated the effects of a small
viscosity into oscillations of a liquid droplet (or globe as he called it, as he was study-
ing length scales of planetary sizes). Reid [30] further made improvements to Lamb′s
theory by solving the same problem, but for arbitrary viscosity of the droplet, and
Miller & Scriven [26] later incorporated oscillations of a fluid droplet, but immersed
within another viscous fluid.
Within an acoustic levitator, one can force oscillations of a droplet by incorporat-
ing a modulation of the acoustic pressure amplitude near the eigen modal frequencies
of the drop shape. Marston et al. [25], studied the shape modal oscillations of liquid
drops and bubbles driven by modulated radiation stresses. By doing so, methods for
the measurement of the surface tension of a drop based on the response to a mod-
ulated acoustic radiation stress were developed. Marston also calculated the decay
time of a free oscillation of an acoustically modulated liquid droplet, which when ap-
plied to a drop surrounded by another fluid, complemented the work done by Miller
& Scriven.
More recently, emphasis on drop shape oscillations have investigated the surface
viscoelastic effects of weakly viscous drops. Lu & Apfel [3] explored the case of a
viscous liquid drop immersed in another liquid, considering the case of transport of
soluble surfactants. Tian, Holt & Apfel [4] then obtained approximate analytical so-
lutions for the damping rate and free oscillation frequency for drops of a surfactant
solution, by introducing surface elasticity and surface dilatational and shear viscosity,
and were able to confirm these analytical solutions with numerical simulations. Khis-
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matullin & Nadim [21] then extended this study of viscoelasticity only on the surface
to that of bulk viscoelastic effects of the drop (i.e rather than viscoelastic effects only
on the surface of the drop, the entire drop is viscoelastic), and were able to infer
elastic and liquid parameters based on the measurement of free oscillation frequency
and decay rate. Later, Hosseinzadeh et al. [8], used an alternate method based on
modelling the oscillating droplet as a damped harmonic oscillator, achieving similar
results with experimental validation.
1.2.2 Static Deformation
When the amplitude of the acoustic pressure is not modulated, i.e the input
acoustic pressure stays constant over the duration of the testing, the droplet will
not have shape oscillations, but rather reach a steady state shape. For newtonian
liquid droplets, the radiation pressure that squeezes the droplet is balanced by surface
tension, i.e equilibrium is maintained via a balance of radiation pressure and surface
curvature [25]. Inside an acoustic levitator, Tien, Holt and Apfel [5] studied how
the shape of an acoustically levitated liquid droplet changes based on the droplets
position within the levitator, as well as when the shape was no longer spherical. Tao
and Apfel [6] and Yarin, Pfaffenlehner and Tropea [35] have also applied a boundary
integral method to solve for the deformation.
On the topic of scattering, it should be noted that while the droplet will not
always scatter like a sphere when inside a standing wave, there are limits where it
can be well approximated as one. It has been previously stated that King’s formula
for the acoustic radiation force acting on a sphere can apply to objects less than
or equal to an aspect ratio (ratio of the semi-major axis to the semi-minor axis),
of 1.2 [35]. Therefore in this thesis, to avoid iteration of calculating the scattered
acoustic field via methods such as the T-matrix method [34], aspect ratios of 1.2 or
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less are considered. This is also beneficial, as it improves the accuracy of the linear
elastic model to be developed, since the accuracy of the linear elastic deformations is
proportional to the strain.
1.3 Motivation and Focus of Work
This problem was originally motivated by the blood clotting problem, motivated
by previous research performed by Holt et al. [7,9,19]. When a blood drop comes into
contact with a reactant such as calcium, a phase change begins. Fibrinogen within
the blood starts to bind together and over time, the blood drop becomes first vis-
coelastic, eventually becoming completely solid. Testing of the elasticity of the blood
clot is very difficult because the sample can easily be contaminated when in contact
with different surfaces and probes. Such is the problem with the current method of
testing blood clots, known as thromboelastography (TEG for short). Acoustic levi-
tators however, offer a simple and ideal solution to this, as the levitator is a contact
free laboratory in itself, minimizing the amount of contact any blood sample has from
when it was taken and when it is tested.
Whereas a newtonian liquid drop finds equilibrium by balancing the radiation
pressure with surface tension, an elastic drop finds equilibrium by balancing the radi-
ation pressure on the surface of the drop with the elastic stress inside. Surprisingly,
this problem of finite static acoustic deformation of an elastic drop not yet been stud-
ied in the literature. The purpose of this thesis is to determine the deformation and
location of an elastic drop within an acoustic levitator is completed.
In the next chapter, a review on the previous works on the theory of small par-
ticles in standing waves. The acoustic radiation force formulation brought forth by
Gorkov is presented via his second order perturbation method, and works previously
mentioned such as those by Bruus are discussed such that viscous effects are shown
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to be negligible. In chapter 3, the theory of finite static deformation of large elastic
droplets in acoustic standing waves is presented. In part 1, large particle acoustic de-
velopment is developed, and is necessary as the elastic droplets in many experiments
may be comparable to the size of the wavelength (a ∼ 0.1λ). In part 2, the resulting
linear elastic deformation of the droplet is determined from the radiation pressure
boundary condition. In chapter 4, experimental results for the static deformation of
elastic droplets in an acoustic levitator are presented. In chapter 5, the experimental
results presented previously are analyzed and are fit with the linear elastic theory. In
the process of fitting the experimental results with theory, elastic moduli of the test




Review of Previous Works on the
Acoustic Radiation Force
The case of a time harmonic acoustic field within a fluid has been a subject of study
since the times of Helmholtz, Bernoulli, Euler, Poisson and Lagrange who studied the
phenomena in organ pipes [18]. It wasn’t until King [22] who formulated the ideas
of the radiation force acting on a droplet in those standing wave fields. When an
elastic droplet is in the presence of the field, the droplet scatters the incoming wave,
and experiences an acoustic radiation force, which must be equal to the change of
momentum integrated over the surface of the droplet. This radiation force, assuming





pn + ρ0(n · v)v
]
ds (2.1)
where p is the acoustic pressure, v is the acoustic particle velocity, and n is the normal
outward vector to the surface.
Gor’kov [16] derived a useful expression for the radiation force acting on a small
particle in an ideal fluid by expressing the radiation force vector as the gradient of a
potential, accurate to second order in the fluid particle velocity. The velocity potential
Φ is represented as the sum of the incident and scattered fields, given as
Φ = Φin + Φsc (2.2)
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Working within the small particle limit, where the radius of the particle is much
smaller than the acoustic wavelength (a << λac), and using results derived from
Landau & Lifshitz [23], the scattered field Φsc was expressed completely in terms of















where P 2in and v
2
in are the incident mean-square fluctuations of the pressure and ve-
locity in the wave at the point where the particle is located, and c0 and ρ0 are the
soundspeed and density of the acoustic media, respectively. Ũ is the nondimension-
alized radiation force potential, where v0 is the maximum incident particle velocity.






vin = ∇Φin (2.4b)
and the terms f1 and f2 are the monopole and dipole terms of the velocity potential,
respectively, and relate the ratio of the densities and compressibilities of the acoustic










Note that when an elastic particle levitated in air is studied, the density and com-
pressibility of the particle compared to the air will asymptote the results f1, f2 → 1,
also known as the rigid sphere asymptote. As an example, a droplet of water in air
has f1 ∼ 0.99993 and f2 ∼ 0.9982, thus the water droplet is very near the rigid sphere
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limit. The radiation force is then related to the potential by





Adopting a cartesian coordinate system where a standing wave z-direction hits a









thus giving the radiation force as a function of z as
















, and expanding out the monopole and dipole
terms, the radiation force becomes










Apfel [2] grouped all the terms in equation (2.9) above into one material property he











thus giving the radiation force as a function of z as




We make special note that in a plane standing wave, the radiation force on a particle
is twice periodic in one wavelength of the acoustic field, as expressed by the sin(2k0z)
term.
10
For the static deformation problem treated in this thesis, we assume zero mean
fluid velocity in either the acoustic host medium or the droplet medium. We also
assume zero oscillatory velocity on time scales ≥ 10−3 seconds. We must consider the
possibility of viscous effects for the acoustic velocity on time scales ∼ 10−5 seconds
in the host medium, but can neglect viscous terms for the following reason. Near the




where ν0 is the kinematic viscosity of the acoustic host medium. Stokes was the first
to study this problem with his oscillating plate, and found that upon solving, the
boundary layer has a characteristic length scale, δ, related to the viscosity of the fluid







where ω is the frequency of oscillation. Doinikov expanded upon this and introduced






where κt,0 is the thermal conductivity, and cp,0 is the specific heat capacity, both
with respect to the acoustic host medium. Bruus et al. concluded that if the viscous
boundary layer is comparable in size to the thermoviscous boundary layer and is suf-
ficiently small compared the size of the droplet (a ≥ 5δ), then the viscous effects may
be neglected. As the experiments conducted in this thesis occur in air at approxi-
mately room temperature at a frequency of about 30 KHz, δ, δt ∼ 10−5[m]. Thus for
droplets with a radius a ≥ 10−4[m] = 0.1[mm], it is reasonable to neglect viscous and
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thermoviscous effects. As we will see, droplets tested in this thesis have a radius on




Finite Static Deformation of Large Elastic
Droplets in Acoustic Standing Waves
As the purpose of this thesis is to characterize the deformation spherical droplets,
it makes the most sense to work in a 3D spherical coordinate system. We further
note that the acoustics are symmetric with respect to the z axis. This is because the
levitator imposes cylindrical symmetry, as shown in Figure 3·1. Because of symmetry,
the deformation of the sphere is also treated as axi-symmetric with respect to the z
axis.
In the first section of this chapter, the acoustic theory for the incident and re-
flected plane waves of the acoustic levitator, and the spherical scattered wave from
the levitated droplet within the levitator, is developed. The main outcome of this
section is the calculation of the radiation pressure distribution over the surface of the
droplet. This pressure distribution around the surface of the sphere will act as one
of the main components necessary for calculating the traction boundary condition,
necessary for solving the elasticity problem in section two. Although the radiation
pressure has tangential components, since we assume an inviscid medium, the tangen-
tial components of the radiation stress vanish [25]. In section two, the linear elastic
theory for the deformation of the droplet is developed. From this, the deformation of
the droplet may then be calculated.
It is necessary to also talk about the limits in which the linear acoustic and elastic
theories apply. When the incident wave from the levitator hits a purely spherical
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droplet, it yields one unique scattered field. This in turn causes one unique defor-
mation of the droplet. However, this deformation will in turn affect the scattered
acoustic field, thus a positive feedback loop between the deformation of the droplet
and the scattered acoustic field exists. From this, the question of “What are the limits
to which the theories couple together accurately?” As stated previously, an oblate
sphere with an aspect ratio (semi-major axis divided by semi-minor axis) of up to
1.2 will observe approximately the same radiation force and pressure distribution as
a perfect sphere. For this reason, this thesis will only treat deformations up to an
aspect ratio of 1.2 or less. In order to calculate the scattering for larger deformations,
numerical techniques such as the T-Matrix method developed by Waterman [34] can
be used, or a re-calculation of the scattered field in a hyperbolic geometry can be
done. Future work should incorporate the iterations and convergence of the scattered
field with the change in droplet shape so that larger deformations may be studied as
has been done in previous numerical work on newtonian liquid droplets [3, 5, 6, 35].
14
Figure 3·1: Schematic of a λ wavelength acoustic levitator. In the
cartesian coordinate system, êz is parallel with z as shown, and êx
points to the right. In spherical coordinates, R = 0 is located at the
center of the droplet, and the polar angle, θ is as shown, and ranges
from 0 to π. The azimuthal angle, φ is orthogonal to R and θ, and
rotates about êz. z0 represents the height of the center of the droplet
from the transducer, and d0 ≡ λ0 − z0 is the corresponding value of d
with respect to z0.
3.1 Acoustic Problem Formulation
3.1.1 Incident Waves
As the acoustic field within the levitator is governed by the wave equation in the
linear acoustic approximation, the field may be analyzed via the Helmholtz equation
∇2(•) + k20(•) = 0 (3.1)
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where the term in the parentheses may be any acoustical property, such as the den-
sity, particle velocity, pressure or velocity potential, and k0 is the wavenumber. As
the levitator may be approximated as a 1 dimensional standing wave, the velocity




= Φinc + Φref
(3.2)
where ΦA is the amplitude of the velocity potential, d = λ − z is the distance from
the reflector, and Rref is the reflection coefficient of the reflector which for the case
of a rigid reflector is equal to 1. From (3.2), two waves are seen. One comes from the
velocity source, denoted as Φinc, and the second is the reflected wave, denoted Φref .
Also seen in (3.2), the velocity potential is sinusoidal in both time and space, which
is expected of a standing wave. From this point on in this chapter, the temporal term
e−iωt is no longer written down, as it is to be implied.
Because it makes the most sense to work in spherical coordinates, it is necessary
to convert equation (3.2) to spherical coordinates, and this is possible by expanding
the incident wave in spherical harmonics using the plane wave expansions (under




(2n+ 1)injn(k0R)Pn(cos θ) (3.3)
Here, k0 is the acoustic wave number, R is the radial distance in spherical coordi-
nates, θ is the polar angle, i is the imaginary unit, jn is the spherical Bessel function
of order n, and Pn is the Legendre Polynomial of order n.
From Figure 3·1, it can be seen that any point z can be expressed through the
spherical coordinates R and θ as z = z0 +R cos θ. Substituting this relation and (3.3)
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where d0 = λ0 − z0, and the * superscript represents the complex conjugate. The
particle velocity and pressure within the levitator may then be derived from the
velocity potential via the relations






To calculate the scattered wave that results from each of the incident waves discussed
in the previous section, we follow the procedure laid out by Hasegawa and Yosioka [17].
To start, the governing equation for the perturbations of the elastic sphere is the time
dependent Navier Equation [24]




where µ and λ are material constants known as the Lamé Parameters, u′ is the per-
turbed displacement of the elastic droplet, and the subscript i means with reference
to the droplet or particle domain. In this section, the ′ superscript will refer to the
perturbed property rather than the quasi-static property.
By using a Helmholtz decomposition, the perturbed displacement can be calcu-
lated by defining a scalar potential ψ, and a vector potential A, and can therefore be
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written as
u′ = −∇ψ +∇×A (3.7)
Equations (3.6) and (3.7) show that both the scalar potential, ψ, and the vector
potential A, satisfy the Helmholtz equation. Furthermore, since the displacement
field will be symmetric with respect to the z-axis, only the Aφ component of the vector

























respectively. Plugging in (3.8) into (3.7), we find a general formula






















Two boundary conditions are necessary in order to solve for the coefficients utilized
in the potentials above. These boundary conditions occur at the surface of the sphere,
R = a, and are as follows
1. Continuity of Traction
• The sum of the pressure in the fluid and the normal component of the
stress in the droplet is 0
σRRn̂ = −Pacn̂ (3.10a)
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where σRR is the radial component of the stress tensor within the droplet,
and Pac is the acoustic pressure at the boundary of the droplet.
• Since the surrounding fluid is assumed to be inviscid, there can be no shear
stress imparted on the droplet by the fluid
σRθ = σRφ = 0 (3.10b)
2. Continuity of Fluid Velocity






To satisfy the traction boundary condition, the stress field within the droplet needs
to be solved for. We use the following relation to calculate the stress components:
σij = λ∆δij + 2µεij (3.11)








) is the linear strain tensor, and
∆ = εkk is the dilation, equal to the sum of the diagonal components of the linear
strain tensor. In the axisymmtric spherical coordinate system we are working in, the























































where ν = λ
2(λ+µ)
is the Poisson’s ratio of the material, and is equal to 1
2
for an
incompressible material, and ∆′ = ∇ · u′ is the dilation of a volume element, and is
zero for an incompressible material.
Substituting the perturbed displacements defined in (3.9) into (3.12) and inserting

















































These match Hasegawa and Yosioka’s [17] expressions for the perturbed stress
and dilation exactly. We note that in the incompressible limit (λ → ∞), cc → ∞,
therefore kc goes to zero. This agrees with (3.14a) because incompressible materials
have the property of zero dilation as mentioned previously.
From traction boundary conditions (3.10b), we know that there is no shear com-
ponent at R = a. In order for the shear stress to equal zero at the boundary R = a,
the term inside the square brackets must be zero. This yields the following relation
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(ksa)2j′′n(ksa) + (n+ 2)(n− 1)jn(ksa)
an (3.15)














In order to apply the other two boundary conditions in (3.10), we assume the
forms of the scattered wave potentials for both the incident and reflected waves. For





(2n+ 1)(−i)ncnh(2)n (k0R)Pn(cos θ) (3.17a)







n (k0R)Pn(cos θ) (3.17b)
Here cn and dn are the scattered amplitude coefficients for the incident and reflected
waves, respectively, which are to be determined from the boundary conditions. This
general form may be assumed to hold because we may think of the droplet as a
spherical source for the scattered waves, and due to the linearity of the Helmholtz
equation, we may add the solution of the scattered wave to the incident wave to

































Applying equation (3.5b) to find the pressure at the surface of the droplet, and
boundary condition (3.10a), and equating with the radial stress found in equation
(3.14b)














































































Because equation (3.15) gives a direct relation between an and bn, equation (3.19)
above gives 1 equation with two unknowns (an and bn, for both the incident and
reflected wave components. To solve for the coefficients, another set of equations
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must be known, and this is done by utilizing the continuity of fluid displacement
boundary condition, which states that the fluid remains in contact with the sphere.
That is, droplet’s radial velocity and the acoustic field’s radial particle velocity are

















Here u′R,inc and u
′
R,ref are the displacements caused by the incident and reflected
waves, respectively, and the total perturbation velocity of the droplet is the sum of
the incident and reflected components.
Because the perturbed displacements of the dropletscattered amplitude coefficients
are time harmonic, the time derivative ∂
∂t
= −iω, thus the radial velocity of the droplet






































































Equation (3.22) above, along with equation (3.19) gives two sets of 2 equations
and 2 unknowns, where the unknowns are the displacement and scattered amplitude
coefficients for both the incident and reflected waves. As it turns out, the scatter










2ρic2s[en − n(n+ 1)fngn]h
′(2)









n is the derivative of the spherical Hankel function with respect to the radial
coordinate, R, and follows the same recursion relation as the spherical Bessel function;




k2c jn(kca)− j′′n(kca) (3.23b)
fn = 2
jn(kca)− kcaj′′n(kca)









Although the algebraic steps taken were different, equation (3.23) matches the
same scattered amplitude coefficients defined by Hasegawa [17], who defines the scat-
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where x0 = k0a, x1 = kca, and x2 = ksa.
It can be shown using asymptotic expressions of the spherical Bessel and Hankel
functions for small k0a that in the rigid particle, the dominant terms of the scat-













The total velocity potential within the levitator is then given by plugging in the
calculated scattered amplitude coefficients into (3.17) and (3.18). To further simplify
the writing, we define the following terms






Rn = jn(k0R) + cnh
(2)
n (k0R) (3.26b)







For the rest of this thesis, we assume an ideal standing wave, thus the reflection
coefficient Rref = 1.
3.1.3 Radiation Force
To calculate the net radiation force on the droplet, the Brillouin radiation tensor [11]











n̂+ ρ0〈(n̂ · v)v〉 ds (3.27)
where 〈 · 〉 denotes the time average.
When the boundary is spherical and the acoustic field is symmetric with respect
to the z-axis, the integral can be decomposed into 4 parts [17] as follows
〈F radêz〉 =
[
〈FR〉+ 〈Fθ〉+ 〈FRθ〉+ 〈Ft〉
]
êz (3.28)



















〈P 21 〉R=a cos θ sin θ dθêz (3.29d)
To start solving for the radiation force, we first define the time averages of the
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pressure and velocities to be
〈P 21 〉 =
1
2

















































Utilizing equation (3.25), we find the terms in equation (3.30) above become








































































m (kR), and P ′m(cos θ) = ∂θPm(cos θ).
Substituting in the above equations for the time averaged squared pressure and
































































































































Here, Dmn, Emn and Fmn are defined by the integrals in their respective equations.
The total radiation force on the levitated droplet is then given as










































It is important to note that while a double summation exists, the orthogonality
of the integrals Lmn, Imn and Bmn reduces the above summations to only the terms
where m = n ± 1. Evaluating these integrals requires complex methods of triple
integrations of Legendre Polynomials and/or Ultraspherical Polynomials (also known
as Gegenbauer Polynomials) [1], and is beyond the scope of this thesis, thus these
integrals are computed numerically.
Note that in equation (3.33), the multiplication of Φn and Φ
∗
n±1 yields a position
dependence proportional to [(−1)neik0d0 +Rrefe−ik0d0 ][(−1)n±1eik0d0 +Rrefe−ik0d0 ]. For
rigid reflection, i.e Rref = 1, this position relation simplifies to −2i sin(2k0d0). As
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<e[(a + bi)i sin(2k0d0)] = sin(2k0d0)Re[(a + bi)i] for some real numbers a and b, we
obtain the same position dependence of the radiation force seen previously in chapter
2.
After the radiation force is evaluated, the location of the droplet in the levita-
tor is determined by finding where the radiation force is equal to the weight of the
droplet. After the location has been found, we utilize the diagonal components of
the Brillouin radiation tensor as the boundary condition for our sphere deformations
(the acoustic medium is assumed inviscid, thus the shear components are neglected)
which is expanded on below.
3.2 Elasticity Problem Formulation
To solve the elasticity problem, we must consider the fact that gravity is having an
influence on the droplet. To take this into account, we use the principle of superpo-
sition to divide the stress components acting on the droplet into a body force and no
body force component. This is seen more clearly in Figure 3·2 below.
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Figure 3·2: The total stress within the droplet is divided up into
a particular solution of one that balances out the body force within
the droplet specifically (the left most image), and a zero body force
solution, which consists of the diagonal components of the Brillouin
radiation tensor found at the end of section 2.1 minus the particular
solution for the weight of the droplet (middle image).
3.2.1 Particular Body Force Solution
Based on the above formulation of superposition to solve for the stress within the
droplet, we need to solve for the particular solution of the body force acting upon the
droplet. We start with the equilibrium equation for elasticity
∂jσij + fi = 0 (3.34a)
where f is the body force, defined as
fi = fz êz = −ρigêz (3.34b)
From equation (3.34b), since the body force exerts a force only in the direction
of gravity (in the −z direction), we seek a solution of the displacement ui = uz(z)êz,
which yields a strain in the z direction of εzz =
∂uz
∂z
, with all other strain compo-
nents equal to zero. Continuing to model the droplet as an incompressible material,
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equation (3.11) which governs the stress in an isotropic material becomes
σij = −Pδij + 2µεij, (3.35a)
Here, P is the static pressure within the droplet. Applying (3.35a) to the particular
solution, we find




σxx = σyy = −P (3.35c)
σxy = σxz = σzy = 0 (3.35d)






− ρig = 0 (3.36)






revealing that the pressure is purely a function of z. Lastly, by making use of the




+ ρig = 0 (3.38)
This formula looks familiar from fluid mechanics. In fluid mechanics, this is the
equation for the hydrostatic pressure in a fluid, which is just a result of the weight of
the fluid on itself. Analogously, we call this pressure the elastostatic pressure, which is
a result of the weight of the droplet on itself. Integrating and applying the boundary
condition of no pressure at R = a, θ = 0 (there is no weight from the droplet acting
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at the top of the droplet), we find that the elastostatic pressure is
P = ρiga(1− cos θ)
= Pes = ρiga
[
P0(cos θ)− P1(cos θ)
] (3.39)
where Pes is the elastostatic pressure.
We represent the elastostatic pressure in equationv (3.39) in terms of Legendre
polynomials for three reasons. One, we know that the radiation tensor components
acting on the droplet are expressed in spherical harmonics. Secondly, it is intuitive to
express spherical deformations and stresses in terms of spherical harmonics, as these
are often described as a linear combination of spherical harmonics. If a Legendre
series traction condition (with body force) is specified on the boundary of the sphere,
the zero body force condition can easily be found by manipulating the n=0,1 terms
using the superposition above. Lastly, since the Legendre Polynomials Pn(cos θ) are
orthogonal over the interval of the polar angle [0, π], a linear combination of them
can yield any pressure distribution over the sphere.
3.2.2 Zero Body Force Solution
Since the radiation pressure acts normally onto the surface of the droplet, the traction
vector over the surface of the elastic sphere is purely normal. A.E.H. Love [24] was
the first to solve this problem, and expresses the displacement as the linear combi-
nation of two scalar displacement potentials, under the condition that the traction
prescribed over the surface of the sphere is in terms of spherical harmonics (which is
always possible because of the completeness of spherical harmonics). For the case of
symmetry with respect to the z-axis, the procedure is as follows:
1. Let the boundary at R=a be subjected to a purely normal surface traction of
amount
∑





2. Love defines one displacement potential as type ω, and the other as type φ.
Since Φ and ω have different connotations in acoustics (i.e velocity potential
and natural frequencies), to avoid confusion we shall label these two potentials
as type Λ and the other as type Υ. They are defined as
Λn =
ξnUn










(n+ 3)λ+ (n+ 5)µ
(3.40c)
and λ and µ again are the Lamé constants of the material.




R2∇Λn +∇Υn + αnRΛn (3.41)
where R is the position vector (= RêR in spherical coordinates).
4. The stress within the droplet can then be found by using the isotropic stress
equation once again
σij = −Pδij + 2µεij (3.42)
It is important to note that there are only as many Λ and Υ potentials as there
are terms that describe the surface traction boundary condition. It should also be
noted that no term of the first degree (n=1) can exist either, as this sphere could not
maintain equilibrium. This is because for a radial traction given by Ax + By + Cz,
where A, B and C are constants, the existence of an n=1 term would result in a




A2 +B2 + C2 in the direction (A:B:C) [24]. Indeed when
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subtracting the particular body force solution from the radiation pressure distribution,
we will find that the ξ1 term is typically zero within numerical precision (usually on
the order of 10−3 in this thesis), being at least 3-4 orders of magnitude less than the
other terms.











With this, the deformation of the droplet may then be found.
A simple way to characterize the deformation of the droplet is by measuring the
aspect ratio, which is simply the ratio of the elongated (semi-major) axis to the








[uR(θ = 0) + uR(θ = π)]
(3.44)
The average of the radial deformations are taken into account at θ = 0 and θ = π
because these deformations are not always necessary equal. Note that for a dense,
incompressible droplet in a less dense, more compressible host [2], the deformation at
θ = 0 and π will be negative (the top of the droplet moves towards the center of the
droplet), and positive at θ = π
2
(the sides of the droplet move away from the center
of the droplet). Thus a droplet of water or blood levitated within a levitator in air





The levitator used and analyzed so far in this thesis is a single axis levitator, mean-
ing that the actuation of the levitator is only in one direction, and has accompanying
symmetry about the actuation direction. The levitator consists of a vibrating piston
on the bottom, actuated by a piezo-ceramic transducer causing the actuation of the
aluminium piston to which it is joined, as seen in Figure 4·1below.
In reality, the levitator will not produce an ideal 1D standing wave for a number
of reasons. The first one has to do with the fact that the reflection coefficient is not
completely rigid (i.e Rref ∼ 1, but not exactly 1). In reality, the reflector induces not
only a phase difference in the reflected wave with respect to the incoming wave, but
small dissipative effects as well such that the amplitude of the reflected wave is not
completely equal to that of the incident wave.
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Figure 4·1: Picture of the acoustic levitator used for experiment. The
main piston (bulk of image) is made of aluminum. The reflector can be
seen above the piston (silver), and the piezoceramic transducer can be
seen below (in brass with the wire screwed down on it).
There is also the existence of flexural modes within the aluminum piston. These
flexural modes were measured via a laser vibrometer (Polytech OFV 353 Sensor Head)
measuring the surface velocity of the piston, and these relationships yield an approx-
imate Bessel function relation of plate velocity with the radius, as seen in Figure
4·2. This in turn causes the levitator to not have the idealized uniform plate velocity
analyzed previously. This radial velocity gradient yields a pressure differential that
traps the droplet towards the center of the piston, which is a practical advantage to
the single-axis design. This small radial component has been ignored in the foregoing
analysis.
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Figure 4·2: Using a laser vibrometer, the plate velocity was measured
as a function of radial distance and input voltage to the transducer.
Symmetry in the azimuthal direction was assumed.
4.2 Experimental Test droplets
The test droplets used in this thesis are comprised of alginate gels crosslinked by
calcium ions (Ca2+). Alginate solution is naturally derived from two linked acids,
(1-4)-linked β-D-manunuronic acid and α-L-guluronic acid. In the presence of a
divalent cation, such as Ca2+, the guluronic residues within the acid bind together,
causing the gelation of the structure. Measurement of these gels crosslinked in various
concentrations of calcium chloride solution have been measured by Wu et al. [33]
For this thesis, two batches of alginate gels were fabricated, one where the alginate
solution was linked in a 0.4% w/v (2.72 mM) solution, and one where it was linked
in 0.5% w/v (3.4 mM) solution. Wu et al. reported that values of the shear modulus,
µ, can be more than double (1.26 ± 0.28 kPa vs. 2.72 ± 0.11 kPa) from 1 mM to 4
mM calcium chloride solution, respectively. A full procedure for creating the alginate
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gel droplets can be found in the appendix.
4.3 Experimental Procedure
Once the test droplets have been prepared, they are ready for testing. The first
step is to ensure that the camera has been calibrated such that a pixel to physical
length ratio is determined, and the length from the bottom of the image to the face
of the piston. This can be done by simply inserting an object of known length into
the view of the camera at the same distance as where the droplets will be levitated,
and taking a picture. Then, an image analysis package such as photoshop or gimp
can be used for the pixel length measurements.
Once the camera has been calibrated, it is important that it not be touched again
for the duration of the test, as this may offset the calibration. After calibration,
the Quasi-static Acoustic Tweezing thromboelastometry (QATT) software [Levisonix.
New Orleans, LA], as seen in Figure 4·3 is utilized for automated deformation and
location measurements. This code varies the input voltage to the transducer, thus
the pressure amplitude of the standing wave and therefore the equilibrium location
and deformation of the droplet.
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Figure 4·3: The interface for the QATT software during a test. The
droplet can be seen on the right, with real time edge detection. When
all four status indicators are green, the data for the droplet is recorded,
as seen in the middle table, and is plotted in the deformation (aspect
ratio) vs. location plot.
When a droplet reaches a stable equilibrium position (as shown by the green status
indicators in Figure 4·3, the software records an image of the droplet, as well as the
aspect ratio, height with respect to the bottom of the image, and semi major and
semi minor axes.
Immediately after completion of the test, the droplet must be weighed. This must
be done as soon as possible as water within the alginate droplet evaporates over time,
thus varying size, mass and density. If tested and weighed quick enough, the amount
of water evaporated from the droplet may be assumed to be negligible. Within the
levitator, the droplet becomes an ellipsoid, as seen below in Figure 4·4.
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Figure 4·4: When the spherical droplet deforms in the acoustic field,
it becomes an ellipsoid. Under axisymmetric conditions, two of the
axes are equal. If we take axis c, shown above, to be in the direction
of the propagating acoustic wave, then a=b.















where the second equation reflects the case of axi-symmetry. Utilizing this and the
immediate weighing of the drop, the density of the drop may be calculated.
When a test has been concluded, the software outputs a csv file containing all the
data taken during the test. The camera calibration can convert the recorded lengths
in units of pixels to units of physical length. The height of the droplet with respect
to the face of the piston may then be calculated via the relation
H = kcam[z0 − zt] (4.2)
where H is the height from the piston face, kcam is the calibration constant, z0 is the
pixel height of the droplets center with respect to the bottom of the image, and zt is
the pixel height from the bottom of the image to the face of the piston found earlier.
A step by step experimental procedure can be found in the appendix.
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Chapter 5
Theoretical and Experimental Results and
Analysis
In this chapter, the theoretical deformations based on the radiation pressure distri-
bution calculated previously are computed. By varying the input pressure amplitude
(equivalent to varying input voltage in experiment), the location of the center of the
droplet will move towards the force node. Also noteworthy is that as the droplet gets
nearer to the force node, the n=0 and 2 terms of the spherical harmonics of the radi-
ation pressure distribution start to dominate, corresponding to a static overpressure
plus a cos2(θ) term, which is responsible for the “tweezing” action of the droplet.
This is illustrated in figure 5·1, where we can see that as the droplet nears the node,
the pressure distribution becomes more symmetric about θ = π
2
, which comes from
the n=2 term of the Legendre polynomials. Note that since the droplet isn’t located
exactly at the node that there is a greater pressure located at θ = π to balance the
weight of the drop.
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Figure 5·1: Pressure distribution over a droplet of ka value ∼ 0.74
for two different heights above the transducer. The solid black line
represents the analytical radiation pressure distribution, found from
the diagonal components of the Brillouin radiation tensor, at height
z
λ
= 0.182 with the pink line within representing the Legendre Series
fit. Likewise, the solid green line represents the analytical pressure dis-
tribution at height z
λ
= 0.245, with the yellow line within representing
the Legendre Series fit. Both of the Legendre series fits were done using
n=6 terms.
5.1 Theoretical Results
As the purpose of this thesis is to characterize the deformation of an elastic sphere
with it’s corresponding location within a levitator, plots of the deformation, given
in terms of the aspect ratio, are plotted versus the levitator location. We choose
these two parameters for our plot for a couple of reasons. The first is that these
two parameters are easy measurements to make. To make direct measurements of
the acoustic pressure is more complicated, however, as the location of the drop is
dependent upon the pressure amplitude of the incoming wave, the acoustic pressure
amplitude is implicit in the location of the drop. The second reason is that the
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measurement and analysis of deformation and location has been done successfully
before for newtonian liquid drops for surface tension estimation. Furthermore, as the
deformation can be analyzed as a state of strain of the droplet, and the location is a
function of the acoustic pressure amplitude which exerts a stress on the droplet, we are
tempted to analyze these plots as the familiar stress-strain plots studied in elasticity.
In the stress-strain plot in elasticity, the slope of the line in the linear regime represents
the Young’s modulus. Analogously, we hypothesize that some characteristic property
of the curve of the location vs. aspect ratio plot will represent the material properties
of the droplet.
In order to find find the pressure distribution around the droplet, we must first
find the location of the droplet, and that comes about by equating the weight of the
droplet with the radiation force. The radiation force equation developed in chapter
3 is plotted below in Figure 5·2.
Figure 5·2: The normalized radiation force calculated from equation
(3.33) is plotted vs the vertical location for a droplet of ka value ∼ 0.74.
The locations of the acoustic pressure nodes are represented by the
dashed vertical lines. The arrows indicate the direction of the radiation
force.
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From previous results for deformation vs location for a newtonian liquid drop,
we expect intuitively that there should be an inverse relationship between the aspect







where Sd = f(µ, ν; a, ρi), and is defined to be the “stiffness” of the droplet. Because
Sd is the characteristic variable determining the shape of the curve, much like the
Young’s modulus for the stress-strain curve, this factor is the desired variable of the
plot. The factor v represents the horizontal asymptote and thus the vertical shift of
the plot, and the factor h represents the vertical asymptote and thus the horizontal
shift of the plot. The data is then fit to this form using a least squares method.
Theoretically, the vertical shift v should be very close to the force node located
at λ0
4
, as this shift represents the drop getting closer and closer to the node, but will
never rise above the node. The horizontal shift, h, takes a little more thought. At first
thought, a droplet with an initial shape being perfectly spherical, h should asymptote







]), a droplet cannot remain levitated below this location, thus
h more accurately represents the deformation of a droplet located at λ
8
.
Figure 5·3 plots the results of the analytically found aspect ratio and location for
two different cases of an initially spherical droplet. In case 1, the radius of the droplet
is varied, and in case 2 the shear modulus is varied. In both, a line of best fit using
equation (5.1) is utilizes. Indeed as shown in Figure 5·3, the parameters h and v are
always near 1 and (2n+1)λ
4
, respectively, to within 5%.
It is worth noting that intuition just mentioned for the factors h and v apply only
for a droplet whose initial state is completely spherical. This can further be extended
to droplets whose initial state is not completely spherical. If a droplet has a small
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initial deformation in it’s unperturbed state, the linear elasticity theory describing
the deformation of a sphere may still approximate the deformation of the initially
deformed sphere if the initial deformation is sufficiently small (ARinit − 1 << 1).
This means that the stiffness of the droplet, Sp shall remain constant for a droplet of
the same material and radius, even though their initial deformations may be slightly
different.
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(a) Example plot for a drop where we vary the radius, a, and keep the shear
modulus µ, constant at 250 [Pa]. The x’s represent analytically solved for points,
with the solid lines being the best fit line using equation (5.1).
(b) Example plot for a drop where we vary the shear modulus, µ, and keep the
radius a, constant at 0.5 [mm]. Again, the x’s represent analytically solved for
points, with the solid lines being the best fit line using equation (5.1).
Figure 5·3: Deformation vs Location Example Plots for an Initially
Spherical Particle
As stated previously, as the center of the droplet becomes nearer to the force
node, the n=0 and n=2 terms of the radiation pressure distribution over the surface
of the node become dominant. The n=0 terms corresponds to a static overpressure
surrounding the droplet, and the n=2 term represents the pressure distribution over
the sphere that is responsible for the “tweezing” action. The closer to the node the
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center of the droplet gets, the larger in magnitude the n=0 and n=2 terms become.
Intuitively, this means that if a droplet approaches the force node without much
deformation, and only deforms once within vicinity of the node, it would be regarded
as a stiffer droplet than one that deforms more continuously as it increases in location.
As seen in Figure 5·3 b above, as the shear modulus increases, the curve tends
towards the top left corner of the plot. This is representative of the intuition stated
previously, that stiffer droplets will only deform once in the vicinity of the node.
However, a larger droplet counters this effect, as seen in Figure 5·3 a. Larger droplets
cause greater scattering of the acoustic field, thus yield a greater radiation pressure
on the boundary, yielding a larger tweezing effect.
5.2 Experimental Results
As stated previously, two batches of alginate gel droplets, one using a 2.72 mM
CaCl2 (0.4% w/v) solution and one using a 3.4 mM CaCl2 (0.5% w/v) solution, were
tested, where w/v means weight per volume, i.e 1% means 1 gram/ 100 mL. For each
batch, three tests were run, and the deformation vs location plots shown in Figure
5·4.
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(a) Deformation vs location plots for alginate gels created utilizing the 0.4% w/v
(2.72 mM) CaCl2 solution. The x’s represent the actual test data, and the solid
lines are the best fit utilizing equation (5.1)
(b) Deformation vs location plots for alginate gels created utilizing the 0.5% w/v
(3.4 mM) CaCl2 solution. Again the x’s represent the actual test data, and the
solid lines are the best fit utilizing equation (5.1)
Figure 5·4: Experimental Deformation vs Location Curves
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By weighing the drop afterwards and using the semi-major and semi-minor axis
lengths found, the density can be found. We also also define what we call the equiv-
alent spherical radius, Rsp, which is what the radius an ellipsoidal droplet would be
if it were spherical with the same volume, and is calculated by equating the volume
of our axi-symmetric ellipsoid with the volume of a sphere and solving for the radius







where b is the semi-major axis of the droplet. The mass, density and equivalent
spherical radius for all 6 tested drops are tabulated in Table 5.1 below.
Alginate Test Drop Data
Test Sample Mass [g] Density [g cm−3] Rsp [mm]
0.4% CaCl2 Alginate, Test 1 0.0076 0.8543 1.2854
0.4% CaCl2 Alginate, Test 2 0.0082 0.9224 1.2851
0.4% CaCl2 Alginate, Test 3 0.0079 0.9240 1.2685
0.5% CaCl2 Alginate, Test 1 0.0083 1.000 1.2560
0.5% CaCl2 Alginate, Test 2 0.0085 1.008 1.2627
0.5% CaCl2 Alginate, Test 3 0.0106 1.000 1.3627
Table 5.1: Tabulation of the mass, density and equivalent spherical
radius for each tested alginate droplet
As mentioned previously, if ARinit−1 << 1, then the droplet may still be modeled
as a sphere, it will only yield a shift over to the right on the deformation vs location
plots. Note that all test droplets have been shifted over from the spherical aspect
ratio asymptote of 1 to the right, by no more than approximately 1.062. In this limit,
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we shall still assume that the theory developed holds, and that the stiffness of the
drop is still characterized by the coefficient Sd. With this in mind when analyzing the
test drops, we have a known density and spherical radius, thus the only unknown to
characterize the curvature of the plot is the shear modulus, which can be numerically
found to fit the curvature.
5.3 Analysis & Discussion
The best fit lines for the test droplet data are shown in Figure 5·4 using equation
(5.1). As previously mentioned, if the Poisson’s ratio, density, and spherical radius
are all known, then the only unknown missing in governing the curvature of the
deformation vs location plot, Sd, is the shear modulus, which is numerically found.
The shift parameters, the coefficient Sd, spherical radius and associated shear modulus
are tabulated below in Table 5.2
Alginate Test Drop Data Best Fit Parameters
Test Sample Rsp [mm] h v Sd µ [kPa]
0.4% CaCl2 Alginate, Test 1 1.2854 1.026 0.2541 -1.990E-04 2.099
0.4% CaCl2 Alginate, Test 2 1.2851 1.043 0.2522 -1.531E-04 3.000
0.4% CaCl2 Alginate, Test 3 1.2685 1.009 0.2612 -4.595E-04 0.9925
0.5% CaCl2 Alginate, Test 1 1.2560 1.055 0.2552 -2.043E-04 2.457
0.5% CaCl2 Alginate, Test 2 1.2627 1.062 0.2550 -2.092E-04 2.440
0.5% CaCl2 Alginate, Test 3 1.3627 1.061 0.2572 -1.726E-04 3.163
Table 5.2: Tabulation of the best fit parameters for each tested algi-
nate droplet and their associated shear modulus value
These values of the shear modulus of the tested droplets are compared with pre-
vious literature values worked out by Wan et al. [33], shown below in Figure 5·5.
50
Figure 5·5: The shear modulus of the alginate droplets calculated in
this thesis are compared with previous material studies of the alginate
droplets performed by Wan et al. The error bars on the tested droplets
represents a 50% precision interval via the t-distribution. As Wan et al.
did not tabulate their work for the specified calcium concentrations in
this thesis, a linear interpolation based on bar plots of shear modulus
and calcium concentration was performed, thus no error bars are pro-
vided and Wan’s work only represents the mean, linearly interpolated
value of the shear modulus from their study.
On one last note, it should be stated that cross linking does not always happen
when the alginate solution is immersed in Ca2+ ions. In fact, the limits reached in
this thesis border are near the limit to which cross linking does not happen. This is
made prevalent in the 0.4% CaCl2 droplets. The densities of the droplet vary wildly,
and this can be hypothesized to be a sign of inconsistent and/or incomplete cross
linking. If the calcium ions are not able to diffuse into the alginate consistently, then
only part of the droplet will gelatinize, thus causing nonuniform structure throughout
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with the droplet, and can result in a variation densities. The 0.5% CaCl2 droplets on
the other hand had consistent densities, which is to be expected if a sufficient number
of calcium ions are able to penetrate the droplet uniformly.
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Chapter 6
Summary, Conclusions, and Suggestions
for Future Studies
This thesis has developed a theory of elastic droplet deformation under the influ-
ence of the acoustic radiation stress in a standing acoustic wave. The theory is used
to bench mark an empirical form of the inverse relationship between the aspect ratio
and location within the standing wave, and can be standardized for any combina-
tion of shear modulus and size. By doing so, an inference of elastic droplets done in
experiment can be made. If any two material properties are known, then all other
material properties may be derived. In the study done, we assume a Poisson’s ratio,
ν = 1
2
, and the shear modulus is inferred from the deformation vs. location plots.
One specific elastic modulus, Young’s modulus, which gives the relationship between
the uniaxial stress of a material to it’s corresponding strain can be found via the
relation
E = 2µ(1 + ν) (6.1)
thus for our case of incompressible drops, the Young’s modulus is defined as E = 3µ.
An inference of the Young’s modulus via acoustic levitation has large implications
in a variety of areas such as soft matter testing and biomedical testing. With this
method, a contamination free test is performed, thus minimizing any contamination
effects that would occur. For a droplet composed of blood, minimizing contamination
effects is of the utmost importance for accurate testing and results.
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6.1 Suggestions for Future Studies
While one of the biggest improvements to be made upon this thesis is to increase
the number of test samples, there is still room for improvement and further develop-
ment. A few of these potential methods are discussed.
6.1.1 Compressible Materials
This thesis made the assumption that the elastic droplet material in question is
incompressible. Many materials that are manufactured nowadays are compressible,
thus it is necessary to expand the theory developed in this thesis to incorporate
compressible materials.
6.1.2 Computational Model
To further work upon the model shown in this thesis, a computational model
should be incorporated, such that larger deformations and the corresponding scattered
acoustic field is solved for. One potential method to do this is via the boundary
element method, as previously used by Yarin et al. An alternate method would be
to use a T-matrix method developed by Waterman [34], and iterating each scattered
solution with the deformed sphere until convergence is reached, and performing this
operation for each location within the levitator.
6.1.3 Reciprocity Theory
As one of the primary purposes of this thesis is to infer material properties of a
spherical droplet, alternate approaches could be employed. One such approach is the
Betti/Rayleigh reciprocity theorem, which states that if an elastic body is subject
to two body and traction systems, then the work done by the first system of forces
acting on the displacements of the second system is equal to the work done by the
second system acting on the displacements of the first system [31]. Applying to the
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problem mentioned in this thesis, we take the two systems seen below in Figure 6·1.
One being the desired case i.e the case in this study, and the other is a simplified case
of uniaxial stress i.e stress is only in the êz direction.
(a) Case 1 is the same problem which was
analyzed in this thesis.
(b) Case 2 is a simplified problem of droplet
deformation which can be easily analyzed,
and can be any formulation, ranging from
uni-axial stress to compression between two
plates.
Figure 6·1: Reciprocity cases




ij − ρpgδiz = 0 (6.2)
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i = 0 (6.6)
In the second case (Figure 6·1b), we have the simple case of uniaxial stress, such that
the governing equations are































yz = 0 (6.9c)
Therefore the problem stated is given a known displacement u(2) = u0 and P app, find
µ.
The first step is to calculate the work done on the droplet in system 1 via the










dΩ = 0 (6.10)
Where dΩ is an incremental volume element. By pulling u
(2)
i into the derivative, this












i dΩ = 0 (6.11)
Applying the divergence theorem, we simplify the first term in this volume integral
56











i − P (1)δij)(2µε
(1)
ij ) + ρpgδizu
(2)
z dΩ = 0 (6.12)
Separating ∂ju
(2)
i into its symmetric and antisymmetric components, we see that the
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z dΩ = 0 (6.15)
We note that the since there are no body forces acting in case 2, ∂jσ
(2)
ij = 0. Fur-
thermore, we again utilize the divergence theorem, thus transforming the first term


















z dΩ = 0 (6.16)
By plugging in for σ
(2)
ij and u
























Equation (6.17) is a remarkable result of reciprocity theory. It states that the observed
deformation can be integrated over the volume of the drop, and if compared to a
more simple case, the material properties can be found. To further improve upon
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this thesis, a study using reciprocity theory should be used, and based on the shear
modulus solved for, compared with that of the theory developed in this thesis.
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Appendix A
Alginate Gel Experimental Procedure
Materials
• 500 mL of 25 mM Hepes, pH 5.5 sterile buffer solution
• 10 mL of 1.8 % (w/v) alginate solution in pH 5.5 buffer solution
• 200 mL of 1.5 % (w/v) CaCl2 in pH 5.5 buffer solution
• 150 mL of isotonic solution: 150 mM NaCl (MW 58.44), 1 mM CaCl2(MW
147.02), 25 mM Hepes (pH 5.5)
• Hydrochloric acid (HCl) liquid solution
• 1 M of sodium hydroxide (NaOH)
• Alginic acid sodium salt
• 5 mL syringe barrel
• 22-gauge needle




• Plastic conical tubes
• Glass beakers
• Glass graduated cylinder
• Parafilm
• Syring pump
where the notation w/v means weight to volume i.e 1% means 1 gram per 100 mL.
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Prepare 500 mL of 25 mM Hepes, pH 5.5 buffer solution
1. Fill 350 mL of deionized water into a graduated cylinder
2. Carefully insert a stir bar into the graduated cylinder and put the graduated
cylinder on the stir plate
3. Turn the stir plate onto a medium stir
4. Add 12.5 mL of 1M Hepes to a beaker. This is based on the following relation
M1V1 = M2V2 (A.1)
when M1 = 25 mM, V1 = 500 mL, and M1 = 1 M, V2 = 12.5 mL.
5. Use a pH meter to test the pH of the solution. The starting pH will likely be
near 7 (neutral). Add droplets of HCl using a glass pasture pipette until the pH
lowers to 5.5. Ensure that the pH meter is calibrated before use, using solutions
that match the pH closest to the desired pH of 5.5.
6. In the case that the pH lowers below 5.5, pipette in 1M sodium hydroxide
(NaOH) solution until the pH rises to the desired pH.
7. Retract the stir bar from the graduated cylinder using a magnetic attractor.
8. Add deionized water to the 500 mL mark on the graduated cylinder.
Prepare 10 mL of 1.8% (w/v) Alginate solutions in the pH 5.5 buffer
solution
1. Add 10 mL of buffer solution to a plastic conical tube.
2. Add 0.18 grams of alginic acid sodium salt to the conical tube.
3. Parafilm the top of the conical tube to prevent leakage.
4. Place the conical tube with the solution on a rocker for about 4 hours to let the
alginic acid sodium salt mix into the buffer solution.
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Prepare 200 mL of 1.5% (w/v) of CaCl2 in pH 5.5 buffer solution
1. Add 200 mL of buffer solution to a clean beaker.
2. Add 3.0 grams of CaCl2 (MW: 147.02 g/mol).
3. Optional: Use a stir bar to stir the CaCl2 into solution.
Prepare 150 mL of isotonic solution: 150 mM NaCl (MW 58.44), 1 mM
CaCl2 (MW 147.02) in pH 5.5 buffer solution
1. Add 150 mL of the pH 5.5 buffer solution to a clean beaker
2. Add 1.32 grams of NaCl to beaker, based on the following equation
0.15M · 0.15L · 58.44 g
mol
= 1.32 g (A.2)
where M is in mol/ L
3. Add 0.02 grams CaCl2 to the beaker, based on the following equation
0.001M · 0.15L · 147.02 g
mol
= 0.02 g (A.3)
4. Optional: Use a stir bar to stir the NaCl and CaCl2 into the solution
Making Alginate Beads
1. After the alginate is mixed into solution, use a 5 mL syringe barrel to draw up
thealginate solution. Do not use a syringe needle because the solution is very
viscous.
2. Attach 22- gauge or 30- gauge needle to the syringe barrel. Use the 22-guage
needle for bigger sized bubbles ( 2 mm diameter) and 30- gauge for smaller sized
bubbles ( 1 mm diameter).
3. Place syringe with attached syringe needle to syringe pump.
4. Place the 200 mL 1.5% (w/v) of CaCl2 solution with stir bar on a stir plate.
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5. Set the stir plate to stir at lowest speed to keep the beads from sticking to each
other. 60 rpm (rotations per minute) should be sufficient. If a higher rpm is
used make sure that the beads are not deforming.
6. Select the correct syringe type on the syringe pump.
7. Set the flow rate to 500 µL/min.
8. Press start and the beads should form by precipitating into the solution.
9. Meanwhile, place filter paper into a clean beaker.
10. After the beads have formed, pour the solution through the filter paper to isolate
the beads.
11. Use the 25 mM Hepes buffer solution to wash the beads in the filter paper.
12. Scoop the beads out of the filter paper and put them into a clean plastic conical
tube.
13. Pour the isotonic solution: 150 mM NaCl (MW 58.44), 1 mM CaCl2 (MW
147.02), 25mM Hepes (pH 5.5) into the conical tube to keep the beads from
dehydrating.
14. Parafilm the lid of the conical tube to prevent leakage and store the alginate




1. Turn on the backlight, function generator and amplifier, making sure that the
amplifier is turned on last to prolong the life of the amplifier.
2. The first thing to ensure is that the camera is properly calibrated such that the
pixels to length constant is known. This can be done by placing an object of
known size into the view of the camera (at the same distance from the camera
lens as the levitated droplets will be), taking a picture of the object, and then
analyzing the image in a photo editing software such as Photoshop or Gimp to
obtain the spatial calibration of the camera. The pixel distance from the bottom
of the image to the face of the piston, zt, should also be recorded. This is because
the custom software [Levisonix. New Orleans, LA] used for measuring the height
of an object in the camera frame,z0, is done with reference to the bottom of the
image, rather than with respect to the face of the transducer. By subtracting
off the number of pixels from the bottom of the image to the bottom of the
transducer from the recored pixel height, the height from the piston face is then
known. After the camera has been calibrated, it is important that camera not be
touched again at risk of moving the camera such that the viewing angle changes,
thus varying the image calibration. After the camera has been calibrated, the
following procedure was used for measurement of deformation and location.
3. Open Quasi-static Acoustic Tweezing Thromboelastometry (QATT) code [Lev-
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isonix. New Orleans, LA]. This code contains an automated system for varying
the input voltage (and therefore pressure amplitude of the system) into the
transducer, as well as the edge detection for the position and deformation mea-
surements of the levitated droplet.
4. Once the code has been initiated, the GUI shown in Figure 4·3 appears. Under
the Generator section in the top left, the frequency (in KHz) and amplitude (in
Volts) are chosen. The actual amplitude value into the transducer is displayed
underneath. The PF factor underneath is characteristic of the resonance of the
system; when PF is near zero, a plane standing wave is produced within the
levitator. Underneath the Generator section is the Limits section. These values
represent the minimum and maximum input voltages into the transducer dur-
ing a test. Under status, 4 different status indicators are seen: sample, stable,
amplitude and armed. The sample status states whether or not the edge detec-
tion software can see an object. The stable status dictates whether or not the
sample seen is stable by measuring how much the geometric center point of the
sample deviates from a single point. The amplitude status states whether or not
the actual amplitude input to the transducer is equal to the desired amplitude.
The armed status dictates whether or not the user wants to take data.
5. To start the testing of a droplet, set the amplitude under the generator section
to a voltage high enough that a droplet can be levitated, usually around 1
volt, ensuring that PF is near zero. Carefully insert the droplet such that it
is levitated and in view of the camera. Adjust the input amplitude of the
levitator until the droplet becomes stable. Once the droplet is stable, choose
the limits of the voltage input under the limits section, being cautious that the
lower limit is still large enough for the object to be levitated (usually no less
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than 0.74 volts. Once the values have been input, hit the “Start Measurement
button”, which ramps up the amplitude to the maximum limit, and once all four
status indicators are green, takes the data point, and decreases the amplitude
in increments of 0.2 volts until the minimum has been reached, and repeats the
same process ramping back up to the maximum amplitude.)
6. The user can opt to discontinue the data collection process once the minimum
amplitude has been reached. Since the droplets will dry out with time when
exposed to air, it is important the test droplet should be weighed as soon as a
test cycle is completed so that the mass of the droplet is found. By allowing
the droplet to ramp back up to a maximum amplitude, the droplet is longer
exposed to air, and may result in larger variability of mass/volume loss.
7. The semi-major and semi-minor axes can be found from the test images of the
levitated droplet and the camera calibration constant found earlier. The volume















where the second equation reflects the case of symmetry, as seen in Figure 4·4.
This volume calculation and immediate weighing of the droplet allow for an
easy calculation of the density of the droplet.
8. After a test has been concluded, the program outputs a csv file containing the
location and aspect ratio of the test. The following equation can then be used
to convert between pixels and length
H = kcam[z0 − zt] (B.2)
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Where H is the height from the piston face, kcam is the calibration constant
found previously giving the relation between physical length and pixels, z0 is
the pixel height of the objects center with respect to the bottom of the image,
and zt is the pixel height from the bottom of the image to the face of the piston
found earlier.
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